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qj ' Abstract 






We construct the manifestly M = 4 super symmetric off-shell superfield "master" action 
for any number n of the N = 4 supermultiplets (4, 4, 0) described by harmonic analytic 
>• superfields q +a (C,u),a = 1, ...2n, subjected to the most general harmonic constraints. 

The action consists of the sigma-model and Wess-Zumino parts. We present the general 
expressions for the target space metric, torsion and background gauge fields. The generic 
target space geometry is shown to be weak HKT (hyper-Kahler with torsion), with the 
£-» strong HKT and HK ones as particular cases. The background gauge fields obey the self- 

duality condition. Our formulation suggests that the weak HKT geometry is fully specified 
by the two primary potentials: an unconstrained scalar potential C(q + , q~ , u)\e=o which is 
the 6 = projection of the superfield sigma-model Lagrangian, and a charge 3 harmonic 
analytic potential C +Sa (q + ,u)\g = Q coming from the harmonic constraint on q +a . The 
reductions to the strong HKT and HK geometries amount to simple restrictions on the 
underlying potentials. We also show, using the J\f = 2 superfield approach, that the most 
general bosonic target geometry of the J\f = 4, d = 1 sigma models, of which the weak 
HKT geometry is a particular case, naturally comes out after adding the mirror (4, 4, 0) 
multiplets with different transformation laws under N = 4 supersymmetry and SO (A) R 
symmetry. Thus the minimal dimension of the target spaces exhibiting such a "weakest" 
geometry is 8, which corresponds to a pair of the mutually mirror (4, 4, 0) multiplets. 
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1 Introduction 

It is widely known that the superfield formulations of supersymmetric sigma models in diverse 
dimensions, with all involved supersymmetries being manifest and off-shell, reveal the underly- 
ing target bosonic geometries of these models in the most clear way. Such formulations directly 
lead to the basic unconstrained potentials of the target geometries, and this is one of their 
basic advantages. In most of cases, the potential appears as the generic superfield Lagrangian 
of the given supersymmetric sigma model. For instance, the most general sigma-model type 
Lagrangian of A^ = l,d = 4 chiral superfields (or of their Af = 2, d = 3, Af = (2,2), d = 2 
and Af = 4, d = 1 reductions) is just the Kahler potential of the underlying target Kahler 
geometry pQ. Analogously, the most general Lagrangian of the analytic hypermultiplet super- 
fields q (C, u) in the Af — 2, d — 4 harmonic superspace formulation [21 [3] is an unconstrained 
analytic function C +4 (q +A ,u k ) which encodes all the information about the underlying target 
hyper-Kahler (HK) geometry [4]. For this reason and by analogy with the Af — 1, d — 4 case, 
this object was called the "hyper-Kahler potential" in [5J. The analogous harmonic analytic 
superfield Lagrangian, extended to couplings to the most general Poincare Af = 2 supergravity 
[6], is the fundamental object of the corresponding quaternion-Kahler (QK) target geometry 
[7], whence the name "quaternion-Kahler potential" for it [8]. For the HK and QK geome- 
tries, the relevant potentials were firstly introduced, when constructing the general off-shell 
superfield actions for the hypermultiplets in the harmonic superspace (both in the flat case 
and in the Af = 2 supergravity background). Later on, these potentials were recovered [9], 
[8] as the underlying objects of the corresponding geometries by constructing the appropriate 
harmonic extensions of HK and QK manifolds and then solving the standard constraints of 
these geometries in such extended spaces. 

One more important example of how manifestly supersymmetric formulations help to reveal 
the unconstrained potentials of the target geometries is offered by TV = (4, 0), d = 2 super- 
symmetric hypermultiplet sigma models. It was known that the relevant target geometry is 
the strong version of the so-called hyper-Kahler geometry with torsion (strong HKT)[10] q 
The corresponding action was constructed in [19] in the harmonic superspace. It was found 
to be fully specified by the analytic unconstrained potential C +3a (q + ,u), a = l,...2n and n 
being the number of the hypermultiplets involved. As was also shown in [TU], the same object 
naturally appears within the pure geometric setting: it solves the general constraints of the 
Af = (4, 0), d — 2 sigma model geometry q 

In the present paper we apply a similar strategy to the case of the most general Af = 4 
supersymmetric mechanics based on the off-shell multiplets (4, 4, 0) (the numerals here stand 
for the numbers of the physical bosonic, physical fermionic and auxiliary fields). This multiplet 
is an important ingredient of the Af = 4 supersymmetric quantum mechanics (SQM) model- 
building. It can be treated as a "root" Af = 4,d = 1 multiplet [201 EI], in the sense that SQM 
models associated with other off-shell Af = 4, d = 1 multiplets (e.g., with multiplets (3,4, 1) 
or (2,4,2)) can be obtained from the (4,4,0) SQM models via the so-called "automorphic 



lr This sort of target space geometries was revealed in the context of supersymmetric sigma models much 
earlier than the nomenclature HKT was suggested for them (see e.g. [TTJ Q21 [T31 HH [TSl EH [13 HE])- hi 
particular, they are target geometries of N = (4, 4),d = 2 supersymmetric group manifold WZNW sigma 
models [12 [Lj]. 

2 Strictly speaking, there appears one more potential, but it can be gauged into its flat value by the proper 
target space gauge transformations. 



duality" [22], in its linear [22J [22] or nonlinear [2~4"1 I25] versions. As shown by us in [26J, 
the manifestly supersymmetric superfield formulation of this sort of duality amounts to the 
procedure of gauging various isometries of the (4, 4, 0) SQM models by some non-propagating 
( "topological" ) N = 4 gauge superfields. 

The natural description of the (4, 4, 0) multiplets is achieved in the M = 4,d = 1 HSS [24] 
where they are represented by the analytic superfields q +a (C,u) subjected to some harmonic 
constraints, which can be linear or non-linear. The general sigma-model type actions based on 
the linear (4,4,0) multiplets were constructed in [21]. The corresponding target-space metric 
is conformally flat in the case of one such multiplet, i.e. for 4-dimensional target manifolds, 
and presents some natural generalization of the conformally flat metric for the general 4n- 
dimensional targets. Non-trivial target metrics, in particular, the hyper-Kahler ones, can be 
gained, if alternatively dealing with the nonlinear (4, 4, 0) multiplets. Some special class of 
nonlinear (4, 4, 0) multiplets giving rise to SQM models with the 4-dimensional target hyper- 
Kahler metrics described by the renowned Gibbons-Hawking ansatz [27] was considered in [26J 
(in the component approach, these models were also constructed in [28J). 

The basic goals of the present paper are, first, to present the most general nonlinear (4, 4, 0) 
multiplets in the HSS approach, second, to construct the most general sigma-model and Wess- 
Zumino (WZ) type superfield actions for such multiplets and, third, to reveal the relevant target 
space geometry. 

We show that the set of n most general (4, 4, 0) multiplets is described by the analytic 
superfields q +a , a = 1, . . . , 2n, subjected to the nonlinear harmonic constraint U 

D++q +a = C +3a {q +b ,uf), (1.1) 

with C +3a being an arbitrary function of q +a and explicit harmonics. 

The most general sigma-model type superfield action of these q +a multiplets is given by the 
integral over the whole M = 4 HSS 

^/^W",^), ,- = *-,". d.2) 

The corresponding target space geometry is the general weak HKT geometry (see, e.g., 
[29l 130] I3T] for the precise definitions u). The HSS superfield formulation suggests that this 
geometry is specified by two general potentials: the analytic potential £ +3a | (hereafter, | denotes 
the restriction to the 9 independent parts), and the scalar non-analytic potential 

C(q +a ,q- b ,uf)\. (1.3) 

The most general coupling to an external (abelian) gauge field is given by the superfield 
WZ term 

S wz ~ / dudC, { - 2) C +2 (q +a , uf) . (1.4) 

We also argue that the most general J\f = 4, d = 1 sigma model geometry (which is even 
less restrictive than the weak HKT one [301 EI]) corresponds to adding another, "mirror" 



3 Our notations are the same as in our previous papers, e.g. in [55] (see also Sect. 3). 

4 Discussion of HKT manifolds from the pure mathematical point of view can be found, e.g., in a recent 
preprint j32j (and refs. therein). 



(or "twisted") sort of the (4,4,0) multiplets [331 EI]- They differ from those described by 
the superfields q +a in that the roles of two independent SU(2) automorphism groups of the 
Af = 4, d = 1 Poincare superalgebra are interchanged for them. We were not able to perform 
this more general analysis in the Af = 4 superspace framework |3 and did this, using the 
alternative Af = 2 superfield formulation which extends the one given in [3TJ . 

The paper is organized as follows. In Sect. 2, as a warm-up, we recall basic facts about the 
Af = 1 and Af = 2 superfield formulations of sigma models in one dimension. The new result is 
the derivation of the potentials specifying the most general Af — 2, d — 1 superfield sigma model 
action [31] directly from the constraints defining the relevant target space geometry [291 EH1 EI] , 
like this has been done in [9j El IS] for other cases (already mentioned above). In Sect. 3 we 
recall the basics of the M = 4,d = 1 HSS approach and how the linear (4, 4, 0) multiplet is 
described within it. Sections 4 and 5 contain our basic results. There we define the most general 
nonlinear (4,4,0) multiplet, construct its most general superfield sigma-model type and WZ 
type actions and recover the geometry hidden in the sigma model action. It turns out to be 
general weak HKT. We also specify the conditions under which it is reduced to the strong HKT 
and general HK geometries. The background gauge field entering the WZ type action satisfies 
the self-duality condition, whatever the target space geometry is. In Sect. 6 we collect some 
particular cases of interest. In Sect. 7 we come back to the M = 2 superfield formulation in 
order to exhibit the conditions imposed on the most general M = 2 superfield sigma-model 
action by the requirement that it possesses an extra Af = 2 supersymmetry which builds up the 
manifest M = 2 supersymmetry to the M = 4 one. This analysis first repeats what has already 
been done in [31] , but we do one step further by including into the consideration, in the Af = 2 
superfield language, simultaneously two different sorts of the (4, 4, 0) multiplets. We show that 
in such an extended system (with at least 8-dimensional target space) the requirement of hidden 
Af = 4 supersymmetry gives rise just to the conditions of the most general Af = 4, d = 1 sigma 
model target geometry, which are weaker than those of the weak HKT one. 

2 Af = 1 and Af = 2 one-dimensional supersymmetry 

Before turning to the Af = 4 case, let us remind the reader of some results that may be found in 
[291 EQl EI] where a generic Af = 2 supersymmetric model in one dimension is studied. We start 
by writing down a generic model with Af = 1 supersymmetry. One may use a superspace with 
coordinates (t, 9). The superfields X l (t,6) = x l (t) + 8X l (t) considered here are bosonic. The 
variables x l may be seen as local coordinates on some manifold. The supersymmetric covariant 
derivative D reads 

D = ^ + i6d u D 2 = id u dt = ^ (2.1) 

A general Af = 1 supersymmetric action then reads 

S = -i f dtdO lig l3 (X)DX l d t Xi + ^c ijk (X)DX i DXWX k ] , (2.2) 

where the tensor g^ may be chosen symmetriqj and will be interpreted as a metric on the 
target manifold. The 3-tensor c^ is fully antisymmetric and will receive the interpretation of 



5 Such a study seems to require the more complicated bi-harmonic Af = A,d = 1 superspace framework [34 . 
6 Using the algebra (|2.1j) . a term containing an antisymmetric tensor gij may, using integration by parts, be 



recast in the form of the second term on the right-hand side of p. 2 



a torsion on the manifold. As opposed to models in two dimensions, the torsion three-form 
c = Cijk{x)dx l A dx^ A dx k is not closed in one dimension. In terms of the component fields 
x l (t) = X^t)^^, A*(t) = DX^tJlM, we rewrite the action (Q as 

S=\fdt [ gij {x)d t x%xi + igijWXVX* + ^c^A'AWA'] , /(a;),, = ^- . (2.3) 

The covariant derivative V is defined as : 

W = d t x + r j kl d t x k \ l , ni = ili{g) + \g 3m c mk u (2.4) 

where g u is the inverse of the metric g^, and T^Q?) is the Christoffel symbol associated with 
the metric g. 

2.1 Geometrical constraints 

We shall now restrict the geometry of the manifold by the requirement of extended supersymme- 
try. In particular, it was shown in [291 EQl [3T] that the J\f = 2 supersymmetry algebra requires 
the existence of a complex structure IUx), BI k = —6 l k , with vanishing Niejenhuis tensor 

jl jk _ jl jk _ n 

Invariance of the action (12.21) under J\f = 2 supersymmetry requires that the metric is hermitian, 
P k gijli = gku and that a symmetrized covariant derivative of the complex structure vanishes 

f)yj 
V(<iZ) = 0, V l Vi{x) = — + Ti k V k . (2.5) 

Moreover, the torsion 3-form c should satisfy the constraints 

2 

tide dijc = 0, (2.6) 

o 

where ij is the inner derivation with respect to the complex structure I defined, for any p-form 
u®, by 



/ ,^'(Vi, ••-,V P ) = ^"^(Vi, ■ ■ ■ , IV q , ■ ■ ■ , V p ). (2.7) 



9=1 

It turns out that these constraints on the geometry may be easily solved. First, the inte- 
grability of the complex structure means that one can choose complex coordinates z a , z a such 
that the complex structure takes a simple form 

j/3 = i8 fi j§ = _ i5 P jP = fp = o 

The hermiticity of the metric then means that its only non-zero components are the mixed ones 
g a p = gs a . The constraints (12. 5p then lead to constraints on the connection 

n m = 17,, = 0, r 7 = = rL = o. (2.8) 

(ap) (a/3) ' a/3 ap v ' 



The first two of these equations are automatically satisfied, thanks to the hermiticity of the 
metric. The last two allow to determine some components of the torsion tensor in terms of the 
metric 

c o^7 = 9afia ~ 9ay,i3i c »/37 = 9Wy,/8 ~ 9/3^,a- (2.9) 

We introduce the 2-form 

tt = l-gijlidx* A dx k = g a - p dz a A dz$, (2.10) 

and separate the exterior derivative into holomorphic and anti-holomorphic parts 

d = d + d,d = dz a —,3 = dz«—. (2.11) 

dz a dz a v ' 

We also separate the torsion 3-form according to the number of holomorphic dz a and anti- 
holomorphic dz a differentials 



c (3,0) = 



c = c (3,0) +c (2,l) + c (l,2) +c (0,3) ; 

M dz a A dz? A dz 1 , c (0 ' 3) = c^dz" A dzP A dz*, 



c^ l) = 3c a ^dz a A dz p A dz 1 , c (1 ' 2) = 3c a ^dz a A dzP A dz< , (2.12) 

We may then rewrite the constraints ( 12.91) in terms of forms 

c <w = -dn, C ^=3n. (2.13) 

The 3-forms c^'^ are also convenient objects to deal with the constraints ( 12.61) . Indeed, a short 
calculation leads to 

Lldc _ l dbjC = l (2dc^ + -dc^ - -de™ + -dc^ - -dc&*> - 2dc^). (2.14) 

3 v 3 3 3 3 ) \ ) 

An important feature of the expression in the right-hand side is that dc^^ and <9c ( - ' 3 - ) do not 
appear. The constraints (12. 6p may now be written as 

«9 C (3,0) = o, d c (o,3) = o, 

«9 c (2,i) = o dcW = 0, dcC 1 - 2 ) - dcW = 0. (2.15) 

The constraints on the second line of equations ( 12.151) are automatically solved by the expres- 
sions in (12.131) . So it remains simply to solve the constraints of the first line as follows 

c (3.0) =9jB (2,0) 5 c (0,3) = q B (0,2) (216) 

Or, in components, 

Ca/3-y = B[ap,j\, c a/3 7 = -^ [a/3,7]- (2-17) 

To summarize, the geometry of the target manifold is determined by the hermitian metric 
g a 5 (or by the (1, 1) form Q in (J2.10P ) and by the antisymmetric tensors B a p and B^g (or by 
the forms _B( 2 '°) and B^ ' 2 ^). The torsion is then determined using (12. 13[) and (j2.16p . Notice 
that a change in the 2- forms (i.e., a target space gauge transformation) 

£(2,0) _^ B (2,0) + d y(lfi)^ £(0,2) _^ B (0,2) + ^(0,1) 5 (2 _ lg) 

does not affect the geometry. 



2.2 J\f = 2 superspace 

We now consider things the other way around, and construct the most general action in M = 2 
superspace with coordinates t,9,9. The supersymmetric covariant derivatives are 

D = 7! (Je + ^ 4 ) ' D = 72 (J? + ^) ' d2 = & = °' {A 5} = ^' (2 ' 19) 

We have to use chiral Z a , DZ a and antichiral Z a , DZ a , superfields. The general form of 
the J\f = 2 supersymmetric action then reads [31] 



S = if dtdOS [-g a p(Z, Z)DZ a DZ? + -^B a p(Z, Z)DZ a DZ fi + ^B^(Z, Z)DZ a DZ^} . 

(2.20) 
It is naturally written in terms of the hermitian metric g and 2-form B which solve the geo- 
metrical constraints in the previous subsection. Under a change of the B tensors as in ( I2.18p . 
the integrand in the action S is shifted by a total derivative 

B a /3 ->■ B a p + V\p >a ] , B & p ->■ _B s/ 3 + V[p t& ] , 
S ^ S + / dtd0d0 [D(V Q DZ a ) + £>(y s L>Z a )] . (2.21) 

We define the component fields by 

Z — Zj \ g=g=0 , Z — Zj \ g=g=0 , A — UZj \ g=e=0 , A — UZj \ g=g=0 • \L.LL) 

When going to the component form of the action, one recovers an expression of the type ( 12. 3ft . 
with an hermitian metric g a p, and the torsion is given by equations ( 12. 9ft and ( 12.17ft . Thus, the 
geometrical constraints are automatically satisfied. 

In Sect. 7 we shall come back to this Af = 2 superfield formalism to discuss general constraints 
imposed by an extra M = 2 supersymmetry which builds up the manifest one to M = 4 
supersymmetry. 

3 A/"=4 , d=l harmonic superspace 

3.1 Generalities 

We start this Section by recapitulating some basic facts about A/"=4, d—1 harmonic superspace 
(HSS), following [24] and our papers [26l |35| [36]. 
The ordinary A/"=4, d—1 superspace is defined as 



(tAfl*), e l = (e t ), (3.1) 

where t is the time coordinate and the Grassmann-odd coordinates 6L 9 % form doublets of the 
automorphism group SU{2) J. The N=A supertranslations act as 

89i = £i, bW = e\ 5t = i(9 i e l -e l 9 i ). (3.2) 



7 The second automorphism SU(2) of the A/"=4, d=l Poincare supersymmetry is implicit in this notation; it 
combines 6i and 6i into a doublet. 

6 



The corresponding covariant derivatives are 

Dl = d0- + %Wdt ' Dl = W i+ i9A ' {D% ' Dj} = 2i ^ dt ' {j ° J ' DJ} = {Du Dj} = ° ' (3 ' 3) 

A/"=4, d=\ HSS is an extension of ( 13. ip by the harmonics uf G SU(2) A /U{1) . The basic 
relations the harmonics satisfy are u~ = (u +l ) , u +l u^ = 1 . The latter constraint implies the 
completeness relation 

u t u k ~ u t u 7 = e ik ■ (3-4) 

The coordinates of J\f=4, d=l HSS in the analytic basis are 

(t A = t- i(6 + e- + e~e + ) , e ± = Puf, e± = e l u f, «±) . (3.5) 

The analytic subspace of HSS is defined as the subset 

(t A ,e + ,e + ,ut) = (c,u). (3.6) 

It is closed under the J\f=4 supersymmetry (13. 2p . 

In the central basis (t,9i,9 k ,u ±l ) we define the harmonic derivatives and the harmonic 
projections of spinor derivatives as 



0_ 



L>±± = 9±± = M ±_ , D ± = ufD\ D ± =ufD\. (3.7) 



In the analytic basis, the same spinor and harmonic derivatives read 
D ++ = d++ _ 2i9+6 + d tA +6+JL + 0+ ° 



09- 89- ' 

u- = d- - %9~9-d tA + e~^- + r-JL . (3.8) 

The basic relations of the algebra of these derivatives are 

[B^tD^D*, [D ±± ,D^} = D ± , {D+,D-} = -{D-,D+} = m A , 
[D ++ ,D—]=D°, [D°,D ±± ]^±2D ±± , (3.9) 

D " = '"<57 - *£ + 0+ w + s+ w ~ r w-' r w- (3 ' 10) 

The derivatives D + , D + are short in the analytic basis, which implies the existence of 
analytic A/=4 superfields $^(C, w) 

£)+$(«) = £+$(«) = =► $^ = $^(C,m), (3.11) 

g being the external harmonic C/(l) charge, D ^) = ^$(9) . This Grassmann harmonic ana- 
lyticity is preserved by the harmonic derivative D ++ which commutes with D + and D + . 

Finally, the measures of integration over the full HSS and its analytic subspace are given, 
respectively, by 

dudtd A 9 = dudt A (D-D-)(D + D + ) = fi { A 2) (D + D + ), 

^- 2) = dud( ( - 2) = dudt A d9 + d9 + = dudt A (D~I)-). (3.12) 

7 



3.2 Linear multiplet (4, 4, 0) in HSS 

Most of the A/=4, d—1 multiplets with four fermions, namely, the multiplets (1, 4, 3), (3, 4, 1), 
(4, 4, 0) and (0, 4, 4), have a concise off-shell description in terms of the harmonic analytic jV=4 
superfields |j. They are known to exist in linear and nonlinear versions [3"7] EH1 I2H 1251 ESI I2B1 ES] ■ 
The multiplets (4,4,0) can be considered as a "root" A/=4, d=l multiplets: as shown in [21J 
on the component level and in [26], [35], [36j in the superfield approach, the invariant actions 
of the other multiplets can be obtained from the general (4, 4, 0) action by some well-defined 
procedure. 

The standard linear multiplet (4, 4, 0) is described by a doublet analytic superfield q +a ((, u) 
of charge 1 satisfying the non-dynamical harmonic constraint u 

D ++ q +a = ^ q +a {(,u) = f a {t)uf + e + x a (t) + e + x a {t) + 2iO + e + d t f ia (t)uT. (3.13) 

The Grassmann analyticity conditions together with the harmonic constraints (I3.13P imply that 
in the central basis 

q + a = q ™(t, 9, 6)uf , D {l q k)a = D (i q k)a = . (3.14) 

We may write a general off-shell action for the linear (4, 4, 0) multiplet as 

S q = I dudtd 4 9C(q +a ,q- b ,u ± ), (3.15) 

where 

q- a = D— q +a = q ia ur. (3.16) 

The action (" 13. 15[) can be rewritten in terms of the ordinary M = 4 superfield q m as 

S q = ( dtd 4 9 L(q ia ) , L(q m )= f du£(q +a ,q- b ,u ± ). (3.17) 

The free action is given by 

^ = ~l / dU ^ qmqm = "i / dUdU ^ q+<lq « = \\ ^^'^ ^^a- (3-18) 

The action (I3.15P produces a sigma-model type action in components. The corresponding 
target metric is necessarily conformally flat in the case of one multiplet (i.e. for 4-dimensional 
target space) and is given by the expression 

d 2 
g iakb ~ A [a6] L(f) e ik , A [ab] = ^ b , L(f) = L(q ia )\ e=0 , (3.19) 



for the general 4n- dimensional target! I. 

8 The multiplets (2,4, 2) also admit a formulation in A/"=4, d=l HSS, though in some indirect way [36] . 
9 For brevity, in what follows we frequently omit the index "A" of tA- 
10 In a complex parametrization of the target space, the same form of the metric was derived in |40[ 131] . 



One can also construct an invariant which in components yields a Wess-Zumino type action, 
with one time derivative on the bosonic fields plus Yukawa-type fermionic terms. It is given by 
the following integral over the analytic subspace 

S wz = i J dudC { - 2) C +2 (q +a , u ± ) . (3.20) 

The component Lagrangian contains the Lorentz-force type coupling ~ Ai a (f)f m , where the 
abelian external gauge field A ia satisfies the M 4 self-duality condition in the 4-dimensional case 
and the appropriate generalization of this condition in the 4n-dimensional case [24] . 

4 Nonlinear q + multiplet and its off-shell action 

4.1 Most general nonlinear (4,4,0) multiplets 

The idea of nonlinear J\f—4, d = 1 q + multiplet is based on the analogy of the kinematical 
harmonic constraint ( 13.131) with the superfield equation of motion of the free q + hypermultiplet 
in J\f—2,d = 4 HSS [21 |3]. The most general self-interaction of n hypermultiplets q +A ,A = 
1, . . . 2n, at the level of the superfield equations of motion, corresponds just to the replacement 

(s.)D ++ q +A = =► (b) D + + q +A = Q^ ^=-^ . (4.1) 

oq +B 

Here, £ +4 = £ +4 (g + ,u ± ) is the harmonic superspace hyper-kahler potential which encodes 
the full information about the bosonic hyper-kahler sigma model Lagrangian appearing as the 
purely bosonic part of the component hypermultiplet Lagrangian [51 l9] n l . and fi[ AB ] is a constant 
skew-symmetric USp(2n) metric (Q^ ab ^Q\bc\ = S A ). 

In our d = 1 case, the constraint (13.131) is analogous to the free d = 4 hypermultiplet 
equation of motion (14.1a ). but its crucial difference from the latter is that it just reduces the 
infinite field contents of the harmonic analytic A/"=4, d = 1 superfield q +a to the irreducible 
component set (4, 4, 0), yet entailing no dynamical equations for the remaining fields. Then an 
obvious nonlinear generalization of the harmonic constraint (13.131) is 

D++q+ a = C +3a {q + ,u ± ), (4.2) 

where C +3a is an arbitrary charge 3 function of its arguments. This generalized constraint 
preserves the Grassmann harmonic analyticity and supersymmetry. Any higher-order derivative 
(D ++ ) p q +a is expressed through q +a from (14. 2\i . Also, as in the linear case, the only other 
independent harmonic derivative of q +a is the non-analytic one D q +a : any higher-order 
derivative (D ) p q +a , p > 1, can be shown to satisfy, as a consequence of (I4.2p . a harmonic 
differential equation which expresses it (at least perturbatively) in terms of q +a and D q +a . 
In other words, as in the linear case, the only independent harmonic projections of q +a are this 
superfield itself and the non-analytic superfield q~ a = D q +a . 

In what follows we assume that the index a runs from 1 to 2n, which corresponds to 
considering n (4, 4, 0) multiplets. For the component fields in the ^-expansion of q +a , 

q +a ((, u) = f +a (t, u) + e + x a (t, u) + e + x a (t, u) + e + e + A~ a , (4.3) 



11 This harmonic hyper-Kahler potential is a direct analog of the Kahler potential appearing as the most 
general Lagrangian of Af=l, d=4 chiral superfields pQ. 
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the superfield constraint (14. 2p implies the following harmonic constraints 



d ++ f +a ^C +3a (f+,u ± ), (4.4) 

V ++ X a = V ++ x a = 0, (4.5) 

V ++ A- a = 2tf +a + Et a d X c X d , (4-6) 



where 



V ++ G a (t, u) := d ++ G a - E +2 h a G b , V ++ F a (t, u) := 3 ++ F a + E+f F b , (4.7) 

E + t a (f\u):=^, (4.8) 

for any contra- and covariant 2n- vectors G a and F a , and 

Kc = Kb ■= d +b E +2 c a = d +b d +c C +3a . (4.9) 

The role of the constraints (14.41) - ( 14.61) is the same as that of the kinematical part of the d = 4 
constraints 114.11) : they fix the harmonic dependence of all involved fields, expressing them 
through the ordinary fields f la (t)(i = l,2),x a {t) and x a (t) which appear as the integration 
constants in these 1-st order harmonic differential equations. It is seen that (j4.4p - 114.61) do not 
imply equations of motion for the physical fields. An important corollary of 114.41) is 

V ++ f +a = 0. (4.10) 

4.2 Geometric considerations 

As was already mentioned, the only independent harmonic projection of q +a , besides q +a itself, 
is q~ a := D q +a . When expanded in 9, 9, the non-analytic superfield q~ a reads 

q -a = D — q +a = d —f+a_ 2te -Q-j+a + e - x a + Q--a + e+d — x a + Q+ d —-a 

+ 9 + 9 + d—A~ a + (0-0+ + 0+0-) A- a - 2?0-0-0 + x a 

-2i9-9-9 + x a - 2i9-9-9 + 9 + A~ a . (4.11) 

We can choose as the second half of the target space bosonic coordinates the first component 
in 114.111) . i.e. the quantity 

f- a :=d-f +a . (4.12) 

The set of the target space coordinates {f +a (t, u), f~ a (t,u),u ±l } define a "A basis" in the har- 
monic extension {f ta {t),u ±l } of the target bosonic space {f m {t)}. The latter parametrization 
is called the "r basis" (see [21 [3j [19] for the similar terminology in the case of the harmonic 
description of hyper-Kahler geometry). The coordinates in both bases are related through the 
"bridges" : 

f+a = fiau + + v+a{fa ^ u±) ^ n = r u . + v _ a{fia ^ u±) ^ v _ a = g^ v+a ^ (4 13) 

the basic relation 114.41) being interpreted as the equation specifying the bridge v +a in terms of 
the r basis coordinates 

d ++ v +a = C +3a (f a ut + v +a } m ± ) . (4.14) 
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It will be useful to give the harmonic derivatives in the considered A basis: 



Qf+a ■> Qf-a 

= 0++ + £ +3a g^- a + (f +a + d-C +3a + r h E + f) ^ , (4.15) 

where <9 ±=t denote those parts of the harmonic derivatives which act only on the explicit har- 
monics (and so do not act on f ±a ) and we made use of the relations [d ++ , d ] = d° and (I4.4p . 
(I4.12p . Note that ( I4.4p implies the harmonic differential equation for d f~ a : 

V ++ {d—f- a ) = (d—) 2 C +3a + 2f- h d—E +2 b a + r h r c E\ a c . (4.17) 

It follows from eq. ( I4.17P that d f~ a = (d ) 2 f +a (and all higher-order d derivatives of 
f +a ) are indeed expressed through f +a and f~ a as the only independent coordinates of the 
target manifold in the A-basis. 

The relations (14. 4p - ( 14. 6 p and (I4.10p are covariant under the analytic target space diffeo- 
morphism transformations 

5f+a = x + a (f+, u) , 5C +3a = C +3b d +b \ +a + 3 ++ \ +a , (4.18) 

Sf' a = d—\ +a + f- b d +b X +a , (4.19) 

5E +2 b a = -d +b X +c E +2a + E +2 b d d +d \ +a + d ++ {d +b \ +a ) , (4.20) 
5 X a = d +b \ +a X b , Sx a = d +b \ +a x b , 

SA~ a = d +b \ +a A- b + d +c d +d \ +a X c X d ■ (4-21) 

Note that the transformation laws (I4.19P and f )4.20p follow from (I4.18P and the definitions 
(14. 8p . (I4.12p . As we see, the target analyticity-preserving diffeomorphisms induce the analytic 
tangent GL(2n) transformation^ of the external tensor indices with the gauge parameter 
d a ^ b (f + ,u), i.e. in the present case we are dealing with a gauge-fixed version of the A basis 
target geometry, like in the HSS formulations of the hyper-Kahler [9], quaternion-Kahler [8] 
and the A/"=4 heterotic sigma models geometries (19] . 

For what follows it is useful to introduce a non-analytic harmonic vielbein E~l a (f + , f~,u) 
related to E + l a (f + ,u) by the harmonic zero-curvature equation 

d—E +2 b a = V ++ E- 2 b a . (4.22) 

The covariance of this equation requires that E~ 2a transforms in the following way 

8E~ 2a = -d +b X +c E- 2 c a + E- 2 b d d +d \ +a + d— {d +b X +a ) . (4.23) 

This quantity is just the harmonic connection covariantizing the derivative d : 

V— G a (t, u) := d—G a - E- 2 b a G b , V—F a {t, u) := d"F a + E~?F b . (4.24) 



12 Strictly speaking, the tangent space gauge group is GL(n, H) D USp(2n); for simplicity, we denote it 
GL(2n), hoping that this will not result in a misunderstanding. 
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In virtue of the condition (j4.22p these covariantized harmonic derivatives satisfy the same 
algebra as the flat ones 

[V ++ ,V—] = d°. (4.25) 

The fact that there exist the analytic frame GL(2n) transformations implies the necessity of 
introducing, apart from the bridges between A and r bases, also some GL{2n) valued "bridges" 
M| which relate the analytic A frame to the r frame in which gauge transformations do not 
depend on harmonics. These frame bridges are defined by the relations 

d^Ml + E ±2 a c M b - = , a ±± (M- 1 )g-S ± ^°(Af- 1 )g = 0, (4.26) 

M b -{M-% = 5^ M b -(M-% = 5 b a , 

5M b - = -d +a \ +c M b -, 5{M~ l ) a c = d +h X +a {M- l )\. (4.27) 

The underlined indices are inert under the A frame group, on them some harmonic-independent 
r gauge group is appropriately implemented. This r gauge group can be interpreted as a 
redundancy in solving the harmonic equations ( 14.261) which express (non-locally in harmonics) 
the bridges in terms of E^: 

M b - = M d -L% (M" 1 )^ = (L- 1 )f(M- 1 )|, 9^4=0, M d - = S§ - (0++)- 1 E^ + . . . ,(4.28) 

where (d ++ )~ 1 is the appropriate harmonic Green function [3J. The harmonic-independent 
GL(2n) gauge group matrices L d can be used to fix one or another convenient r gauge. 

Using the frame bridges, one can relate various A and r frame tensors. In particular, 
the objects in the A frame subjected to the covariant conditions of harmonic independence, 
e.g. fermions x a iX a satisfying ( 14.51) . can be transformed into objects which are manifestly 
harmonic- independent, and vice versa: 

X ^ = M 6 V , X- = M^t , eq. g3D ^ d ++ X ~ = d ++ x~ = • (4.29) 

Also, exploiting bridges allows one to show the validity of a covariantized version of the well- 
known lemma [21 13] 

V ++ F qa h ^; a b p k = =► F qa b 1 i ^ p k =0 for q < (4.30) 

and of the similar proposition with T> (for q > 0). 

The last geometric objects of the A geometry which we shall need are the covariant deriva- 
tives with respect to the analytic basis coordinates 

V +a G b = V +a G b - E- b G c , V +a F b = V +a F b + E~ a l F c , P_ a = «9_ a , (4.31) 

where 

V +a = d +a + E-l b d^ b , V ++ E- a d =E + c a d . (4.32) 

The derivative d- a does not need to be covariantized due to the analyticity of A +a , cL&A +a = . 
From the definition of E~ d and the proposition (14.301) it follows that 

E-J = E~ d : . (4.33) 

Also, it is easy to check that 

V++ d^ETf = E\ a d , (4.34) 
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which, together with the definition ( I4.32p . by the lemma ( I4.3(jp implies 

E-J = d_ c E-f = d_ d E~f . (4.35) 

The covariant derivatives defined above have the following commutation relations among 
themselves and with the covariantized harmonic derivatives 

[D +a , V +b ] = [D_ a , P_ 6 ] = , [V +a , P_ 6 ] = n + { - b) , (4.36) 

[V ++ , V_ b ] = [V—,V +b ] = , [V ++ , V +b ] = -V. h , [V-,V_ b ] = -V +b . (4.37) 

Here 

(K^f, = d^ a d_ b E- 2 / = d„ a E~ b c d . (4.38) 

This curvature is totally symmetric in the lower case indices as a consequence of (j4.35p . 

Using the definitions and relations given above, as well as the general proposition f !4.30p . 
one can derive a set of useful identities to be exploited in what follows 

V— E\ a c = E~ a c + V ++ W +c E- 2 b a , (4.39) 

V-E- b a c =V +c E~l\ (4.40) 

V— f +a = f~ a - E~ 2 b a f +b , (4.41) 

v ++ fj-a _ E -^f+b\ = f+a ^ ^ 44 2) 

V— (f~ a - E- 2 b a f +b \ = (V—ff +a = . (4.43) 

These identities imply some corollaries. E.g., it follows from (J4.40P that 

V +[c £?-^ = =* [V +c ,V+J = 0. (4.44) 

Also, comparing the second of eqs. ( I4.32p and eq. (j4.42p with the constraint (14. 6 p on A~ a and 
taking into account the constraints (14.5)) . we observe that A~ a can be represented as 

A~ a = A~ a + E~ b a c x V , A~ a = 2t (f- a - E'l a / +6 V V— A~ a = . (4.45) 

Another useful identity is 

V +[c ^; + E-{ c E^ f = . (4.46) 

One more corollary is the relation 

E~l a = l -d^d-f- a )- (4-47) 

Finally, note that we could restrict the tangent frame gauge group from GL(2n) to its 
subgroup USp(2n) C GL(2n). This restriction amounts to the requirement of preserving a 
constant skew-symmetric tensor fiuw: 

d +a X +c Q [cb] + d +b X +c Q [ac] = => d +[a X+ = , A+ := Q [ab] X +b . (4.48) 

This implies 

A+ = d +b X ++ (f + , u) , d +a X +b = n^d +a d +c X ++ = ^ [bc] X {ac) , (4.49) 
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where A ++ is an arbitrary charge 2 analytic harmonic function. After restricting to USp(2n) 
as the frame gauge group, it is consistent to impose the USp(2n) invariant constraint 

<9 +[a £+ 3 = 0, £+ 3 := n [bc] C +3c , (4.50) 

which is solved by 

Cf = d +a C + \f\u). (4.51) 

The gauge transformation law (I4.18J) restricted to the USp{2n) gauge group with the infinites- 
imal parameters ( 14.49)) implies for the potential £ +4 the simple transformation law 

££+ 4 = 9++A++ . (4.52) 

It should be pointed out that there is no intrinsic reason to impose the constraint (14.511) . 
It can be imposed if the analytic tangent frame group is restricted from GL(2n) to USp(2n). 
Nevertheless, as will be clear soon (Sect. 6), this extra constraint has a simple geometric 
interpretation. 

4.3 The invariant actions 

As the independent superfield projections of q +a in the nonlinear case are q +a and q~ a = 
D q +a , like in the case of linear harmonic constraints, the most general sigma model action 
and the WZ type action look like their linear case prototypes (13. 15[) and (J3.20P 

S q = [ dtdud 4 9£(q +a ,q- b ,u ± ), (4.53) 



S, 



wz 



■ f du((- 2) £ +2 (q +a ,u ± ). (4.54) 



However, the component structure of these superfield actions radically differs from that of their 
linear analogs. 

Let us first work out the component form of (I4.53|) . Substituting there the 9 expansions 
(14.31) and (14. lip and performing the integration over 9s, we can rewrite (I4.53P as 

S q = J dtdu £«*"*»(/*(*, u), X (t, u), x(t, u), u±). (4.55) 

After rather cumbersome calculations making use of the relations derived in the previous Sub- 
section, in particular, the identities and relations (I4.39P - (14.45)) . we find the following relatively 
simple expression for Cf " 1 " 9 : 

c comp = £ (1) + £(2) + £(3) ^ ( 45 g) 



(4.57) 



£ (1) = *LF m fa^ (f-v - E-jy+c) + i (v x [a x b] - x [a v x b] ) } 

C^ = Ai{v +b F [ac] f+ a + d- h F [ac] (f- a -E-l a f +d ))x {b X c) (4.58) 

£( 3 ) = (V +a V +b d^ d CU,u))x {a X b) X {c X d) 

- (V +[b d^ [ac] ) x a X c X b X d = - (d- [d V +b] F [ac] ) x a X c X b X d ■ (4.59) 
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~ > +[ a d-c]£ = V + [ a <9_ c ] C = cL[ c V +a ] C , 


(4.60) 


a ~ f +d E- dc a X c , Vx a = i a ~ f +d E~ dc a x c , 


(4.61) 


£(/,«) = £(9 + >9 _ > u± )l0=e=o- 


(4.62) 



Here 

Vx a = x 

and 

Note that the quartic term (I4.59P is not changed under the permutation of the pairs of the 
lower case indices (d, b) -H- (a, c) as a consequence of the fact that the curvature (I4.38J) is 
totally symmetric in its lower case indices. The symplectic "metric" J 7 ^, as a consequence of 
its definition and some identities derived in Sect. 3.2, satisfies simple cyclic relations 

d-aJ^ibc] + cycle = , V+aJ 7 ^ + cycle = V+a^lbc] + cycle = . (4.63) 

While deriving ( I4.57P - ( I4.59p . we started from the superfield Lagrangian, so the component 
action (14.531) is M = 4 superinvariant by construction. A good check of the correctness of 
the component action is to explicitly show that it is invariant under the off-shell M = 4 
supersymmetry transformations of the component fields: 

6f+ a = £+x a + £ -+-a ? Sf -a = £ - ^ + g-^a + £+ £-2<y + ^ E '^ ; 

5 X a = e + [2z (/- a - E- 2 b a f +h ) + E- a c x b X c ] ~ 2ii~ f +a , 

5 X a = s + \2i (f- a - E- 2 b a f +b ) + E- b a c x b X c ] + 2ie~ f +a , (4.64) 



where e ± = —s % uf ,e ± = —t^uf and we made use of the expression (14.451) for A a , as well as 
the relations 

V- X a = d~~ X a ~ E- 2 b a X b = , V"x a = d-x a - E~\ a x h = , (4.65) 

which follow from (j4.5p . Note that the M = 4 transformation of the composite component field 
A~ a in the ^-expansion (14.31) . 

5A~ a = 2ie~x a + 2ie~x a , (4.66) 

can now be reproduced as a result of varying (14.451) with respect to the M = 4 supersymmetry 
transformations (14.64)) . 

After rather long computation we have checked that the total Lagrangian (14.56)) is invariant 
under (I4.64p modulo a total time derivative, i.e. the action (14.531) is indeed J\f = 4 supersym- 
metric. In this check, we essentially used the cyclic relations (14.631) . as well as the relations 
(Q5I) . Q01D and (OSjI . 

Thus we constructed the most general M = 4 supersymmetric sigma-model action of the 
generic nonlinear J\f — 4, d — 1 multiplet (4,4,0). The relevant target geometry is fully spec- 
ified by two prepotentials: the analytic potential C +3a (f + ,u) and general scalar non-analytic 
potential £(/ + , f~,u). We will see in the next Section that this geometry is the so-called weak 
hyper-Kahler geometry with torsion (weak HKT) [TD]. The hyper-Kahler (HK) geometry, as 
well as the "strong" HKT geometry, are particular cases of this more general geometry. They 
correspond to some particular choices of the prepotentials just mentioned. 

To complete the model, we now present the component form of the analytic superfield WZ 
term (14.54)) . It yields the most general Af = 4 supersymmetric coupling of the nonlinear (4, 4, 0) 
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supermultiplet to the background abelian gauge field. Its precise form is found by performing 
in (I4.54p the Berezin integration, and it is as follows 



Swz = — dtdu£ wz (t,u) , (4.67) 

C wz = 2 {d +a C +2 ) (j- a - E-l a f +b ) + i {V +a d +b C +2 ) X {a X b) ■ (4.68) 

Here £ +2 (/ + ,«) = C+\q+ ,u)\ e+= - e+=Q . 

The superfield WZ term (j4.54p is invariant under the following abelian gauge target space 
transformation 

C +2 '(g + , m ± ) = C +2 (q + , u) + D ++ a(q + , u) . (4.69) 

The component realization of this superfield invariance is the invariance of (14.681) under the 
gauge transformation 

C +2 '(/+, u) = C +2 {f\ u) + d ++ a{f\ u) , a(f + , u) = a{q\ u) \ e+=s+=0 . (4.70) 

Indeed, using the relation (I4.42[) and (14.51) . it is easy to check that Cwz in (14.681) is shifted by 
a total derivative under (14.701) . 

Cwz = £wz + d ++ [2d +a a (/- a - E~ 2 b a f +b ) + i (V +a d +b a) X {a X b) ] ~ 2& , (4.71) 

so the WZ action (14.681) is invariant. The Lagrangian (14.681) also transforms as a scalar under 
the target space diffeomorphisms (I4.18P - (14.211) . (14.231) . assuming that C +2 (f + ,u) is a scalar, 
5C +2 (f+, u) ~ £ +2/ (/ + ', u) - £ +2 (/ + , u) = . 

The harmonic-independent form of the component Lagrangians corresponding to (14.561) and 
(14.681) will be presented in Sect. 5.7. 

5 Geometry in the r world 

5.1 Vielbeins and complex structures 

Let us denote the harmonic-independent target coordinates in the r frame and r basis by 
f tb ,i = 1, 2; b = 1, . . . , 2n . They are assumed to satisfy some reality condition, so we deal with 
4n real coordinates like in the hyper-Kahler sigma models. We define the r-frame vielbein and 
its inverse by 

E+- = d lb f +a iie , E~ h a - = {d lb f- a ~ E~ 2a d lb f +c ) M a - , (5.1) 

K b a = V+af b {M-% , E\ = d. a f b {M-% , (5.2) 
d++Et? = , d ++ E2 = E+i =► Eff = -etut , 

d^E\ = , d ++ E^ = -E\ , =► E%_ = etu~ k - , E\ = -e%^ k - . (5.3) 

The frame bridges Mf and (M -1 )^ are defined in (I4.27p . In (I5.3p . we underlined the r frame 
tangent space SU(2) indices (i,k = 1,2) in order to distinguish them from the indices i, k of 
the r basis coordinates f m . The harmonic-independent r-frame vielbeins, as a consequence of 
their definition, satisfy the following orthogonality conditions: 

e^ = 5fSl e%ef c =b)b\ = b%. (5.4) 
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It is easy to define the appropriate triplet of complex structures. We combine the harmonic- 
independent fermionic fields x~ an d X~ defined in (J4.29P , as well the parameters of the M = 4 su- 
persymmetry transformations, into doublets of some extra 577(2) , i.e. (%-, x~) = X~ a > ( £ i> £«) — 
£j a , a = 1, 2 . Then we identify this 577(2) with the one acting on the indices of harmonic and 
tangent space 577(2) indices z, &, and perform an equivalence transformation to the fermions 
with the world indices x m as 

X ia = eZx^- (5.5) 

Using the supersymmetry transformation laws (14.641) . it is easy to find how M = 4 supersym- 
metry acts on the r basis bosonic coordinates 



Sf ia = e°x ia + e m 
where we split e— into singlet and triplet parts: 



e lb e jc e kt 



X ic , (5-6) 



£ ik = £ o e ik + £ (ik)_ 

By the standard reasoning (see e.g. |2S]), the coefficient of the triplet part is just the triplet of 
the complex structures 

^\lef c e k)t _ = I m Y c . (5.7) 

They satisfy the quaternion algebra 

jmjn = _ 6 mn + ^nsjs ^ js = ^(lk) /( ^ ( 58 ) 

and in fact coincide with those in the case of general heterotic (4, 0) d = 2 sigma models [19J. 
Now we should check whether they are covariantly constant with respect to the generalized 
affine connection encoded in the Lagrangian (I4.57P - 04.591) . 

5.2 Metric and connection 

The r world metric can be easily read off from the bosonic part of (j4.57p . making use of the 
relations (I5T1>(I53|) : 

n — H co— ai^ iakb _ s~f[cd\ It ia kb (r n\ 

where 

G M = JduT M , 7 k(k] =7 [cd] {M-%{M- l )l, G m G^ = 8\. (5.10) 

The connection can be extracted by considering that part of the Lagrangian which is bilinear 
in the fermionic fields. One should pass to the harmonic-independent fermionic fields x~i X~ 
by the formulas ( 14. 29ft and determine the appropriate part of the full equation of motion for 
fermionic fields (ignoring the tensorial part coming from the quartic fermionic term ( 14. 59ft ) by 
varying with respect to these harmonic-independent fields. In this way one obtains 



-f +b -V +e _F kh2 - Vf- b - V_e^[c6]} X- + terms of 3d order m X , X-(5.H) 
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Here. 



f+* = f+ d Mf , Vf-~ = r- EZ 2d f +h M; 



L d > 



(5.12) 



and V± a are the covariant derivatives with respect to the harmonic-independent tangent space 
group acting on the underlined indices 

V+c F\ag = V + , F m + {V +c _ Ml M-'f) F m + {V +c _ Mj M~ l f) T h e\ 

= {M-^M-%{M-%V +c T {ab] , 

V_c F m = d-c T m + (d- Q Ml M- 1 ^ F m + (cL, Ml M-'f) T^ 

= {M-^M-%{M-%d_ c T {ab] , (5.13) 

where V+, = (M~% V +h = E%d ia , d. c _ = (M" 1 )^ = E%d ia . 

Taking into account the fact that the tangent SU(2) indices i, k are transformed by the 
rigid group, the covariant time derivative of any tangent space vector P— will have the same 
form. Then one can pass to the world vector P ia as 

-pia ia r>kb 

r — e kb r 

and define the generalized affine connection Fff lc from the relation 

Vt pia = jkb Vkb p*a = jkb (g^pia + f™ fcP j . ( 5 . 14 ) 

After some algebra we obtain 



1 kb lc — fi td u kb f il c T V kh V lc V ta (j J 3 b dc , 



(5.15) 



where 



J 



j bdc 



du < J 7 



kk] 



u+ (V^MlM-'fj+uj (d^MlM-'f) 



Uj V+c F\dV\ - Uj V-c^Idfe] 



(5.16) 



In a more detailed form, the last integral is as follows 



J 



j bdc 



duKT 



\eb] 



4 A ~A + u i B+ i\ 



+ e j£ di b j r idb] | , 



T 



\de\ 



u jc:i+u-d + q \ 



(5.17) 



where 



A:A = 2V + w,MfM' ld *^~i ™+e 



-id 



, ,. - „ v +]i ivij m d =2 C u ~^ , B^ = 2 <9_y Mj M" r -^ 



2D] 



i+e 



b , DZ% = d. cl MlM- b 



C'A = E-J + V +c _MlM- ld b = V^MiM- 1 " 
Using some previously derived identities rewritten in the r frame, e.g. 

d ++ E b J = Et c S 



-id 



(5.18) 



(5.19) 



and also the general matrix identity 

d 1 (A~ 1 d 2 A) = -A' 1 [d 2 (Ad 1 A- 1 )]A + A- 1 [d 1 ,d 2 ]A (5.20) 

(which is valid for any bosonic derivation operators d\ and d 2 ), one derives the following relations 

d ++ D+\ = 0, &*Cl\ = -D% (5.21) 

from which it follows that the expressions in the square brackets in (15.1 7p do not depend on 
harmonics. In other words, the dependence on the extra scalar potential C(f,u) manifests 
itself in the r world metrics and connection solely through the "symplectic metric" G ua and 
its inverse. This can be made explicit by noting that (15.211) implies 

D + A = D ~M> Cl\=-D\\ul. (5.22) 

Using eqs. (15.181) . one can represent D~ h as 

D k ! a = e lb M d lh MI{M~X - „+ E2 • (5.23) 

Substituting ( I5.22p into ( 15. 1T[) yields the final expression for Jjbdc'- 

Jikdc = £j_k \G\de\ D~fb + ^[foe] ^~\d c] ) + & 7c d m d,G[dh\ ■ (^-24) 

The final expression for the connection introduced in (15.151) is as follows 

+ 4Uf c ete]fG^d md G M . (5.25) 

It remains to compute 

Via I(Jd) td = ®ia -^(M) Id + r la Ic -^(M) td ~ ^ ia td -^(M) Ic ' (5.26) 

where the triplet of complex structures Iq^ was defined in (15. 7\i . The direct computation yields 
zero for this covariant derivative, 

i.e. in the general case the triplet of complex structures is also covariantly constant. As we 
shall see soon, this means that the general case with one sort of the multiplets (4, 4, 0) yields 
the weak HKT geometry (it becomes strong HKT under some additional conditions, see Sect. 
5.6). The most general case, when the covariant constancy condition weakens to 

V {M I mK N) = 0, (5.28) 

should then correspond to the situation when the mirror (4, 4, 0) multiplets are also added. 
We shall consider this general situation in Sect. 7 in the M = 2 superfield formulation. 
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5.3 Torsion 

Let us now compute the torsion. As usual, it is defined as 



J- ia, kb lc J- ia, kb lc ~r _ ^ia kb lc j yo.Zi) J 



where T ia ^ kb ic is the Christoffel symbol for the metric gi a i c : 

Tia, kbic=^ (Okb 9, a lc + d lc g ia kb - d ia g kb lc ) . (5.30) 

We represent r ia> kbic = giai'a'T kblc as 

-in r~< ) lc n td lc r> td 1 I lu jtk ig\ j /r 01 N 

r ia , kb ic = <~J\cd\eu \e- d (kb ey c) + e~ d [kb ej^ j - e xi [e~ e~ kb e fc J J j_uh 9 _ , (5.31) 

where the quantity J juhg was defined in (I5.24p . Using the identities 

did is 32 T-\ld -*- tb 3<i -r^id i r ori \ 

[kb % = e lL e~ lc e~ kb] D^^--e t j e~ lc e~ kb] D^ ^ (5.32) 

and 

e k ^d kd G\hu] + cycle (g, h,u) = -2e 3 _ k {-D^ G^ + cycle (g, h, u)j , (5.33) 

d -i D l% + cycle (d, c,b) = -2 [d^ D^ bJ + cycle (d, c, b )} , (5.34) 

we were able to show that the torsion Ci a kb \ c is totally antisymmetric, as should be, 

^iakblc = G[iakblc] j (5.35) 

and is expressed as 

C ia kb lc = tit % ef a ef b e^ J3 Gfe£ D gs + 2 G \cg\ D ^ s]\ ~ 2i I (jl)[ia e S % d md <% £ ] . (5.36) 

Now, passing to the tangent space indices, after some work the torsion can be represented 
in the following nice form 

Ciakhlc = et il e kb e lc ^ia kb lc = £ti ^kaG[cb] + t-kl ^ibG[ac] , (5.37) 

where 

^kaG\cb\ = e^d ka Gicb] + % £ G^ + D k l b G[cc>] ■ (5.38) 

While deriving f !5.3T|) from (I5.36p . we made use of the cyclic identity 

^kaP\cb\ + cycle (a, b, c) = , (5.39) 

which is just another form of the identity H5.33J) . The total antisymmetry of the torsion in this 
representation can be easily checked, also using (15.391) . 

Let us define, following [19], the harmonic projections of Ciakbic' 

C iki ■= u ±l -u ±k -u ±l -C lJL ^ (5.40) 
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One easily finds 

<££ = «, (5.41) 

and, using (15.39J1 . 

C abc = u^VkcG^ , C+ b J_ = u + *V M G fcd , C-++ = u + ^VkaG M . (5.42) 

Then it is easy to show that 

^[a6c] = 0' ^abc = ~Cacb = ~^bac = ^ cab • (5.43) 

The conditions (15.411) and (I5.43P exactly coincide with the harmonic projections of the torsion 
constraints derived in [19|. These constraints, without further closedness restriction on the 
torsion, define what is now called weak HKT geometry. Thus the general system of self- 
interacting (4, 4, 0) J\f = 4, d = 1 multiplets reveals the most general weak HKT geometry as 
its target geometry. 

Finally, note a number of useful relations and identities. First, the identity (15.321) allows 
one to express the object D\- in terms of vielbeins: 

D ii = 1 4/ 4i if d ^ + ^4") • (5-44) 

Also note that (15.341) is a consequence of the following more general identity 

d- d _Dt\ - d-eD+% = 2 D:\D + ^ + d£d+% - DfptA > ( 5 - 45 ) 

which is equivalent to the relation 

4* d - D ui t ~ e Tt, d * D iA 4 = 2 D ii, k D iA d + D i, ft^)5 e _ - d& b M e _ ■ (5.46) 

These relations ensure the r frame form of the conditions for preservation of the target space 
analyticity 

[V_„,V_5] = [V +£ ,V + ,] = 

(their A frame form is given by the first two relations in (I4.36P ) . 
Two other helpful identities are corollaries of (15. 32 ft : 



4* d lh e% a _ - e\l d lh e% d _ = e 3j e^ dJ + e M e%D^ A , (5.47) 

^ d d kh e l : a] ef c = \ (&D ia * d -$D*) . (5.48) 



5.4 Spin connection 

Let us calculate the spin connection associated with the affine connection T, eq. ( I5.25p . It is 
defined by the standard formula 



/ n ft' _ i'U 

{^iajjb — e jb 



ft. P i b + N 6 P kd 

u ia^jb * L iakd c jb 



(5.49) 



It is straightforward to find 

M£- = 4 eg {^)( , (^)|' = - AA + G^ VftGfeai . (5.50) 
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Using the cyclic identity (15. 39 p . the "reduced" connection (oJia) b - can be cast in another 
suggestive form 

(C0ia)t' = G 1 -^ [(Uia)(db) + (Uia)\db]\ , ( 5 - 51 ) 

where 



and 



\ U ia)(db) — Did [6a] + Aft \da\ ~ Dia (db) + ^{d^rrid G\b)a\ , 

D 1 ad b _:=G [ii] D t J' b _, (5.52) 

(uia)\db\ = 7} e j2dkcG\dv\ ■ (5.53) 

The gl(2n) usp(2n) part of the connection (I5.53J) vanishes in the admissible r frame gauge 
G\bc] = ^\bc] (see Subsect. 5.5), leaving us with the USp(2n) connection (u>i a )(db) as the only 
essential part of the spin connection in the general case of weak HKT geometry. 

We also observe from (15.501) that the GL(2n) connection D ia ~ b appearing in the r-frame 

covariant derivative Vj S differs from the "canonical" connection {oOia) b ~ by a tensor which is 
just the r-frame covariant derivative of the "symplectic" metric G^a]- If we define a new r- 
frame covariant derivative V^ , just with the connection — to in place of D, we find, using the 
identity CT| . that 

V£ ) G M = 0, (5.54) 

i.e. G[6c] is covariantly constant with respect to the covariant derivative with the connection 
u . The identity (I5.54p resembles the standard Riemann postulate for the metric. 

Note that the object Jjbdc defined in (15.241) actually coincides with the "reduced" spin 
connection defined in (15.501) : 

Jikdc = ~G\bb!}{ u j_d)2 , (5.55) 

while the relation (I5.3ip is just another form of (I5.49p . 

5.5 Gauge 

In what follows, it will be sometimes convenient to choose the appropriate gauge with respect to 
the tangent space r gauge transformations. From the natural assumption about the existence 
of the flat limit of our Lagrangian, the field-dependent skew-symmetric "metric" Cruj should 
have as its flat limit the standard constant USp{2n) metric fl\cd\: 

G[cd\ = ^[cd] + C^ . (5.56) 

Then, taking into account that the generic tangent space gauge group transforms G^s as 

&G\cd] = A £ - G\c'd\ + \£ G\cd>] , (5.57) 

it is clear that the whole G\^ can be gauged into its flat part by fixing the antisymmetric part 
of the parameter A c - : 

G\cd i =n l£!S , G^=Q^. (5.58) 
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The residual gauge group is USp{n) with the symmetric parameters \(cd)'- 

X/rvQWAXtet)- (5.59) 

Many relations and identities are simplified in this gauge, e.g., 

VjfcGfco] = 2Dib [co] , Ciakblc = 2 (e^ Dk a [c6] + ^IdDib \ac\) , (5.60) 

(Uia)db = {Uia)(db) = Did [ba] + Aft [do] — ^m(db) > (5.61) 

etc. We see that in the gauge ( 15. 58ft the reduced spin connection (wjgjdfe becomes symmetric, 
i.e. usp{2n) algebra-valued, in agreement with the fact that the residual tangent-space gauge 
group is just USp(2n). 

One can wonder how the presence of the additional potential £(/, u) and the associate 
symplectic metric J-\ c< n reveals itself in the gauge ( I5.58J) . Naively, the possibility to choose this 
gauge could be regarded as a signal that the r frame geometry (metric, torsion, ...) does not 
depend on F^d] at all and is fully specified by the analytic potential C +3a (f + ,u) . To see that 
this assertion is premature, let us recall the general expressions for the frame bridges (14.281) . It 
is clear that the gauge (I5.58J) amounts to fix the r gauge matrices Lf in the following way: 

Lf %4 L% = G M = J duF [cd] (M-%(M-%, (5.62) 

where the bridge M|, as defined in (I4.28p . is fully specified by C +3a (f + ,u) . Thus in the gauge 
(I5.58P the metric J 7 ^^ appears implicitly, through the non-trivial r gauge factor Lf in the full 

bridge M^ = M^L^- This harmonic-independent matrix factor, up to the residual USp(2n) 
gauge freedom, is defined by eq. (I5.62p . An alternative possibility would be from the very 
beginning to fully or partly fix the r gauge freedom by choosing, e.g., in ( I4.28p . Lf = Sf. 
In such gauges, the symplectic metric G\cd\ explicitly persists in all formulas of the r frame 
geometry. 

The simplest example of this gauge equivalence is provided by the case with C +3a = that 
corresponds to the linear (4,4,0) multiplets. In this case Mf = 5% , (M -1 )^ = 8% and the 
natural r gauge choice is L^ = 8^, which yields 

9takb = G[ ab ]6 ik , G[ ab] = / du^iab] = -A [a6] / duC(f,u) (5.63) 

in agreement with (I3.19p . Alternatively, one can choose the gauge (I5.58P which in the considered 
case amounts to 

G m = Sl m ,Mi = L{8 b -, Lf_n kcJ Lf = 8 a k 8lG [ac] . (5.64) 

After substituting this into the general expression (15.91) . one recovers the same final expression 
( 15.631) for the r frame metric. 

5.6 Torsion closedness conditions 

Let us examine under which conditions the torsion Cabbie is closed. This problem is most 
simply treated using the world indices representation, where the closedness condition is just 

d[jdC iakb i c ] = 0. (5.65) 
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We will use the relation: 



ViaG^ = - I ' du(M-X(M-X(M~ l )i (d. a ,T [c/d/] u;+V +a ^ [dd/] ut) 
After some work, the world-indices form of ( 15. 37ft is found to be 

G\ a kb lc = Via E>kb lc + @lc &ia kb + C>kb "lc ia + G{ a kb lc i 

where 



and 



a 



ia kb lc 



2 / du 



Bia kb = -Jdu F [gf] (E^E-J - E + kb 9 E7j) 



Er?d„ u F [g}] (E+ b 9 EfJ - E^E'A + cycle (ia, kb, lc) 



The representation (I5.67P is convenient in that it reduces the condition (I5.65P to 

dyd C ia kb ic] = , 
which is easier to solve. It proves to be equivalent to the condition 

J du{M- x )%M-%{M- l )^M-% (V +d d^ a - V +a d„ d ) F M = . 



(5.66) 

(5.67) 
(5.68) 

(5.69) 
(5.70) 
(5.71) 



We see that this condition amounts to the vanishing of the contribution of the four-fermionic 
term ( 14. 59ft to the component harmonic-independent Lagrangian 



L (3) 



du £ (3) = . 



The same condition (15.711) . rewritten in the r frame, reads 



e ~ ^ite^M G[al] 



0. 



(5.72) 



In the four- dimensional case, the differential operator in ( I5.72p becomes a generalization of the 
covariant Laplace-Beltrami operator (see Sect. 6). Note that the symplectic metric G\cd\ in the 
general case can be expressed as 



G M = -e^V ik V m L(f), L(f) := / duC{f,u) 



(5.73) 



where C(f,u) is defined in (14.621) . This representation for G^s is an obvious generalization of 
the representation ( 13.191) which is valid in the case of linear (4, 4, 0) multiplets. 

It is worth noting that the condition (15.721) can be also derived more directly, starting from 
the r frame form of (I5.65p . i.e. 

^[MCiakblcl — 0, (5-74) 

and taking into account the relation [V(jd, Vfc)&] — 0, which follows from (I5.46P and ( I5.48p . 
Actually, the vanishing of this symmetrized commutator is the r frame form of the target-space 
analyticity preservation conditions. 
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It is also interesting to see how the closedness condition looks in the gauge (15. 58 ft : 

V,^f^-V M ^^=0. (5.75) 

This can be treated as an extra condition on the bridges M~. After some work, an equivalent 
condition in the A-frame is found to be 

V +[a d^ b] T [cd] = d- [b V +a] T [cd] = , (5.76) 

where 

T [cd] = M^Mlnab- (5.77) 

Note that only the GL{2n) /U Sp(2n) coset part of the bridge actually contributes to T\ cd \ . 

5.7 The r world Lagrangians 

Here we rewrite the component Lagrangians in the invariant actions (14.531) and (14.541) in terms 
of the objects of the r world geometry. Passing to the r frame form of the actions can be 
accomplished with the help of bridges, like in Chapter 11.4.2 of [3]. 
We define the component sigma-model Lagrangian as 

where C comv was defined in eqs. (14.551) - (I4.62J) . After some work, using the relations of this 
Section, the Lagrangian L comp can be written in the following simple form 

L comp = \ g iakb f ia f kb - % - G hbJ {Vx-X- - X-^X~) ~ ^ (e^V^Via G M ) x~X~X £ X l • (5-79) 

Here 

V** = X k + f kb ef b (ufe)*, X A , V** = ic k + f kb ef b (afe)^ t , (5.80) 

and (uia)- d is the "reduced" spin connection defined in (I5.49J) . (I5.50J) . Note that the four- 
fermionic term in (I5.79|) can be rewritten in a more geometric way through the external deriva- 
tive of the torsion tensor as 

^ (e ik V ih V m G M ) x-tx-X- = \fl k - & Vfe C ibMm x-X-X-X- • (5.81) 

In this notation, there becomes clear, e.g., the invariance of the coefficient with respect to the 
permutation [a 6] O [cd\ . Also, it is immediately seen that the four-fermionic term vanishes 
under the closedness torsion condition (15.741) (and, of course, in the torsionless HK case). 
The Wess-Zumino component Lagrangian 

L W z = -- / duC wz , (5.82) 

where Cwz was defined in (I4.68J) . after integration over harmonics can be represented as 

Lwz = A ia (f)f ia ~\(jdu V + aV +b _£ + A x ( -X- } , (5.83) 
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where 

•Aiaif) = ^ jduu k V +b _C +2 (f + ,u) . (5.84) 

The target analytic gauge transformations (14.701) produce the standard abelian gauge transfor- 
mation Of Aia{f)'- 

Aiaif) -> Aaif) - dia<r(f) , v(f) = J du <r(/+ u) . (5.85) 

Defining 

J^iakb = &ia e kb ? ~ jd Ic , J^jd Ic = 9jd Al c ~ fyc Ajd , (5.86) 

it is easy to find 

Fjakb = -eik / duV +ig y+b)£ +2 ■ (5.87) 

This implies that the background gauge field Aiaif) m the general case is self-dual, F{iak)b = , 
like in the case of linear (4, 4, 0) multiplets [24"| |4~T] . Thus the self-duality of the background 
gauge field with respect to the r frame SU(2) doublet indices is a general necessary condition 
of implementation of M = 4 supersymmetry in the WZ term of the (4, 4, 0) multiplets. The 
Lagrangian (I5.83P can be rewritten as 

Lwz = Aiaf ia -\e^F mM > X -X-- (5.88) 

6 Particular cases 

6.1 Hyper-Kahler case 

The HK case corresponds to the choice (j4.5ip . (14.521) for the analytic potential C +3a , 

c +3a = n^d +b c + \f + ,u), (6.i) 

and the choice 

Cif,u) = n [ab] f +a f- b => JF [ah] = d +[a d„ b] Cif,u) = n [ab] . (6.2) 

Indeed, in this case the basic harmonic constraint (I4.4p becomes 

d ++ f +a = n^ d +b £ + \f + , u) , (6.3) 

which is just the constraint defining a general HK sigma model with 4n-dimensional target 
space in the HSS approach [2J [3j [9], with £ +4 (/ + ,w) being a generic analytic HK potential. 
The A world metric extracted from (I4.57P and its r world counterpart (15. 9p . (15.101) in this case 
coincide with the expressions derived in [21 El I9"j 13 l . 

As follows from the definitions (14. 8 p and (14. 9p . the constraint (16.11) implies 

K 2a = ^ M £ ( + i) , K a = V [ad] E+ bc) , (6.4) 



13 This coincidence holds up to some numerical factors and a different (though equivalent) choice of the 
non-analytic A-world coordinate f~ a . 
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where 

E ff b) ■= 9 +d d +b £ +4 , E+ bc) := d +d d +b d +c £ +4 . (6.5) 

Then, applying the lemma (I4.30p . for the non-analytic vielbeins defined by eqs. (" 14 . 2 2 [) and 

(I4.32p we obtain the analogous restrictions 

E -2a = qMe -£ E -a = fi M^ . (6 . 6) 

Making use of the constancy of Jyi in (16. 2p and the second relation in ( 16. 6p . it is easy to 
find that in the HK case 

9-a^cd] = 'D+a^lcd] = , (6.7) 

whence, as follows from the representation (I5.66p . 

VmG[^=0. (6.8) 



This, in turn, implies the vanishing of the torsion defined by ( 15.371) : 

Ciakblc = Ciakblc = , (6.9) 

as should be in the HK case. Thus the affine connection T coincides with Christoffel symbols 

r. 

The bridges defined by (I4.27P are U Sp(2n)-vaiued in the HK case, so the connection D ic ~ b 
defined by (I5.18p . f)5.22p is symmetric 

n^D m \ = n M] D^ (6.10) 

and so is usp(2n)-algebra valued. It follows from ( 15.501) and (16. 8 p that 

(u M )* = -Dj b _, (6.11) 

i.e. we are left with the standard HK usp(2n) spin connection. Both the A and r frame gauge 
transformations are now USp(2n) ones; the A frame gauge transformations are specified by eqs. 
(H3HD, JM) and (T4T52"|) . Note that the USp(2n) bridges satisfy the relation 

n [cd] (M-%(M-X = ^, 

so the r frame symplectic metric G[cd\ defined in (I5.10P also coincides with its constant part 

G[cd\ = ^[cd] • 

It is worth noting that the superfield action for the general HK model has the very simple 
universal form 



Sf = I dudtd 4 9 Q [ab] q +a D—q +h = -2% f dudC, { - 2) tt [ab] q +a d t q +b , 



(6.12) 



that is, looks the same as the action of the free linear q +a multiplet, eq. (I3.18p . For the 
particular class of HK models, with the Gibbons-Hawking [27] four-dimensional HK metrics as 
the bosonic target space, this form of the superfield off-shell action was found in [26]. Here we 
see that the same simple unique superfield action describes the most general 4n-dimensional 
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HK M = 4 model. The entire information about the (local) geometry of the underlying HK 
manifold is encoded in the off-shell harmonic constraint (14. 2p . with C +3a as in (16. ip . The 
non-trivial structure of the component action comes out as a result of imposing this nonlinear 
constraint. Note that the component actions in the HK case are also simplified: the full A frame 
Lagrangian is given by the single term £W defined in (I4.57p . with T ab = Q ab . In particular, 
there are no quartic fermionic terms (the same is true of course for the r frame Lagrangian 
(I5.79P ). The general HK M = 4 action (I6.12p accompanied by the appropriate WZ coupling 
(I4.68P provide the Lagrangian description of the generic HK M = 4 SQM models discussed, in 
the Hamiltonian approach, in [42J. 



6.2 HKT geometries conformal to HK ones 

One can choose some non-trivial Lagrangian C(f,u) leading to J-[ a ,b] 7^ &[a,b], still keeping the 
special form (16. ip for C +3a (f + ,u). In this case, the vielbein coefficients, connections, as well 
as bridges from the A basis and frames to the r ones, are fully specified in terms of the HK 
potential £ +4 by the same relations as in the pure HK case. The basic differences from the 
latter case consist, first, in the presence of the torsion (15.371) and, second, in that the r world 
metric (I5.9P involves the coordinate-dependent "symplectic" metric G\cg- 

All formulas are radically simplified in the n = 1 case, that is for four-dimensional target 
spaces, where 

G m = eaG(f), G^ = e^G-\f). (6.13) 

The r frame metric (15. 9p then becomes 

9iakb = Gecd£itef a ejr b = Gh iakbj (6.14) 

where h iakb = e^n^fa^'kb * s the HK metric computed by the HK potential £ +4 . Since the 
bridge M| is a matrix in the fundamental representation of USp(2) ~ SU(2), the connection 
D i ~ d is traceless, 

%S = 0, (6.15) 

whence 

^M>G\c^ = e cA (e k ^d kb G + D^ e _G) = e cA e k ^d kh G , (6.16) 

and 

Ciakbic = tatcb e^ d ka G + e^ac e\b di b G . (6-17) 

Thus in this case the metric is conformal to the HK one, with the conformal factor G(f). 
The torsion is also simply expressed through G(f). 

In the general case, with unconstrained G(f), the torsion is not closed, so this geometry is 
a particular case of weak HKT geometry. The strong HKT arises under the constraint (I5.72p 
which, in the four-dimensional case, can be checked to be equivalent to 

AG = h iakb V m d kb G = 0. (6.18) 

Here, 

V ia d kb = d ia d kb - T(h)!* kb d ld , (6.19) 
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with r(/t)^ fc6 being the standard Christoffel symbol for the HK metric h iakb , so that A is the 
covariant Laplace-Beltrami operator on the given 4-dimensional HK manifold. While bring- 
ing (j5.72p to the form (j6.18p . we made use of the condition (" 16. 15[) which, in virtue of the 
representation (I5.44p . amounts to the following constraints on the r frame vielbeins: 

eg 4t [f d [kb e% + ^ % 6 e§) = . (6.20) 

In the general n > 1 case Gab 7^ Qg.bG and the metric (15.91) is not conformal to the 
corresponding 4n-dimensional HK one, though the vielbeins and bridges are the same as in the 
HK geometry. The differential operator in the constraint (I5.72p which yields the 4n- dimensional 
strong HKT geometry in this case, is some generalization of the standard Beltrami-Laplace 
operator. Note that for n > 1 the conformally flat ansatz Gab = QgbG gives rise by the cyclic 
identity (I5.39P to G = const and, hence, to the torsionless HK geometrjo If Gab ^ QggG, the 
torsion is given by the general formula (15.371) . 

From the above consideration we conclude that one is able to construct some HKT metric 
with torsion from any HK metric. The relevant geometry is weak HKT in the generic case, but 
it becomes strong HKT after imposing the appropriate constraint on the conformal factor (in 
the 4-dimensional case), or some natural matrix generalization of this factor (for 4n- dimensional 
targets). 

It should be stressed that this method of generating HKT geometries from the HK ones 
is well known for four- dimensional targets (the so-called Callan-Harvey-Strominger ansatz) 
[T5j [30] . In the present setting, it is recovered as a subclass of HKT geometries associated 
with the off-shell d = 1 supermultiplets (4, 4, 0). There naturally arises a generalization of this 
ansatz to higher- dimensional target manifolds. 

6.3 HKT geometries with general jC +3a 

We first consider the simplified case with the "free" choice (I6.2p for the potential C(f ± ,u), but 
with an arbitrary analytic potential C +3a (f + ,u). Now, because 

Flab] = tt[ab] = const , (6.21) 

the part C{ a kb ic of the torsion defined in ( I5.67P and ( 15.691) vanishes, 

^ia kb Ic = , 

and the torsion is given by 

Cia kb Ic = 9 ia Bkb Ic + die B ia kb + 9kb &lc ia , (6.22) 

with 

Bia kb = -jdu Q [9f] (EgErf - Et b 9 E7j) . (6.23) 

Thus the torsion is closed and the corresponding geometry is strong HKT. Actually, this is 
just the geometry of the (4, 0),d = 2 sigma models, and the analytic unconstrained potential 
£ +3a (f + ,u) coincides with that introduced in [19] to solve this geometry in the harmonic space 



14 E.I. thanks Andrei Smilga for a discussion on this point. 
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approach. Note that the torsion potential (I6.23P becomes pure gauge in the HK case (to check 
this, one must use ( 16. 6p ). and the torsion (I6.22J) vanishes, as should be. Also note that the 
vanishing of Ci a kb ic and the identical fulfillment of the general closedness equation (I5.7ip is 
actually achieved under the condition 

d- d F [ab] = 0, (6.24) 

which is weaker than (I6.2ip : it implies F^b] to be analytic. However, using the analytic A 
frame GL(2n) gauge freedom, one can come back to (16.211) as a gauge condition reducing this 
GL{2n) gauge group to its USp{2n) subgroup defined in ( I4.48|) . ( I4.49p . 

The general d = 1 superfield action for the HKT case under consideration takes the same 
simple form (16. 12[) as in the pure HK case. 

If there is a non-trivial scalar potential £(/, u), one has cLaJ-^] ^ 0. As a result, the term 
Cia kb ic defined in ( I5.69P is non- vanishing and so it makes an extra contribution to the torsion. 
The corresponding geometry is weak HKT, but it becomes strong HKT under the conditions 
derived in Sect. 5.6. Once again, these conditions are simplified in the case of four- dimensional 
target manifolds. Namely, for generic C +3a , an analog of the covariant harmonicity condition 
(I6.18P is as follows 

AG + S^ (Via V M + V ia V M + Via Vkb) G = 0. (6.25) 

Here, 

Via^-DfcS (6.26) 

and A is the covariant Laplace-Beltrami operator for the metric corresponding to the HKT 
geometry with J 7 ^ = f2[ afe ] and the same C +3a . Eq. (I6.25J) resembles the condition of closedness 
of the torsion in the four- dimensional strong HKT system with the metric admitting a tri- 
holomorphic isometry and with an extra three- vector field [43]. The connection Via looks like 
a four- dimensional analog of this vector field. 

In the gauge G = const (which is the particular USp(2) ~ SU(2) case of the r gauge (I5.58P ) 
the constraint (I6.25P is simplified to the following one 

(yi& + yifi) V^ = . (6.27) 

It is instructive to be convinced that this equation is again a constraint on the A frame sym- 
plectic metric J r [ a 6](/, u) = J-(f, u) e a b- To this end, recall the relations ( I4.28P and ( I5.62p which 
in the present case, up to the residual USp(2) r gauge freedom, amount to the following ones 

srfe/^^r ]\/rb_ry^ i\~/rb ri _ I j„, ^ab , / j\">— l\c/ jut— l\d 



L| = 5|G^, M b - = G-^M b - } G=-J due^e cd (M-%(M-%T(f,u). (6.28) 

Further, one should take into account that the vector connection Via corresponding to the bridge 
M^ and appearing in (I6.27P is related to the connection Via associated with the "minimal" bridge 
M| via the following gauge transformation 



c 

1 / ~ 1 * 



Via = G"3fVia +-G- l ViaG\. (6.29) 

Substituting this into eq. ( I6.27p . we reduce it just to the form (16.251) with "tildas" on all 
involved quantities. This equation can be treated as the alternative r gauge choice M~ = M\ 
in (153511 . 
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As follows from our consideration here, from any strong HKT metric with some C +3a , 
one can construct new metrics of similar kind, both the weak and strong HKT ones. This 
observation is true for any dimension of the HKT target space and is an obvious generalization 
of the relation between HKT and HK metrics discussed in Subsect. 6.2. 

7 J\f = 4 supersymmetry in terms of J\f = 2 superfields 

As we have seen above, the general off-shell Af = 4 supersymmetric Lagrangian for a set of 
harmonic analytic superfields q +a with the field content (4, 4, 0) exhibits a weak HKT geometry 
for bosonic fields. On the other hand, it is known that the most general target geometry implied 
by Af = 4 supersymmetry for d — 1 sigma models with such multiplets is even weaker. In 
particular, the corresponding triplet of complex structures does not form a quaternionic algebra 
and the covariant constancy condition for it is replaced by some weaker condition. The only 
possibility to encompass this general situation within our approach is to include into the game, 
together with the (4, 4, 0) multiplets represented by the analytic superfields q +a , also the so- 
called mirror (4,4,0) multiplets [221 Ell- These multiplets have a different assignment of their 
fields with respect to the full i?-symmetry group 577(2) x 577(2) of the J\f — 4, d — 1 Poincare 
supersymmetry and, accordingly, different transformation properties under the latteir 5 !. In 
order to describe these mirror multiplets in a manifestly Af = 4 supersymmetric way on equal 
footing with those represented by q +a , one needs to resort to the bi-harmonic Af = 4 superspace 
which includes two different analytic subspaces associated with two independent sets of the 
harmonic variables for two R symmetry SU(2) groups [31]. The mutually mirror (4,4,0) 
multiplets "live" as superfields on these two non-equivalent Af = 4,d = 1 harmonic analytic 
subspaces. Leaving the general analysis within such a bi-harmonic superfield framework for the 
future, here we tackle the same problem in the Af = 2 superfield formalism, thus continuing 
the consideration in Sect. 2. 

As a first step, we start from the Af = 2 superspace action f)2.20p in Sect. 2. 2 and look for 
the conditions which allow for one more supersymmetry 

SZ a = eJ^DZP, 5Z a = eJjfDZP, (7.1) 

where e is a real Grassmann parameter. The indices a, take values 1, . . . 2n, i.e. in the simplest 
n = 1 case we deal with a doublet of chiral Af = 2 superfields, so that the real dimension of 
the corresponding bosonic target space is just 4. The conditions for the existence of extra 
supersymmetry (17. ip have been studied in [31], and we first recall the results obtained there. 
Preservation of chirality leads to the constraints 

<V7J = 0, <%J77 = 0. (7.2) 

The supersymmetry algebra requires J to be a complex structure 

JJJ-* = -5$ (7.3) 

which satisfies the integrability conditions 

d,(j(i)jy = o, fy(jg)j? = o, (7.4) 



15 As observed in a recent paper [44] . these different (4, 4, 0) multiplets are recovered by dimensional reduction 
from different N = (4, 4),d = 2 twisted chiral multiplets. 
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These two equations are in fact consequences of (17.21) and (17.31) . The conditions for the action 
(I2.20p to be invariant under this new supersymmetry are the hermiticity of the metric 

J(p9a)-/ = 0, g-y(aJfr = , (7.5) 

together with the equation 

\d«(J$g*) ~ dsigayfijj] + d a {g 5[ p)J^ - \d [B (B-, f] )J f a = 0, (7.6) 

and its complex conjugate. In the Af = 2 superspace framework these equations correspond to 
the equations (I2.5P for the new complex structure, which state that the symmetrized covariant 
derivative of the complex structure vanishes, provided one of the symmetrized indices is barred 
and the other is unbarred. The equations ( 12. 5p for J~L when both symmetrized indices are of 
the same type, are automatically satisfied. Indeed, using (17. 2p . (I7.3P and the hermiticity ( I7.5P 
of the metric, one gets 

V a J$ = 3g*d [a (j} H d. (7.7) 

Finally, one gets, as the last equation to ensure the invariance of the action, the following one: 

d- s {d {a {B M ))J^ = 0, (7.8) 

and its complex conjugate. These equations are a part of equations (12.61) for the new complex 
structure. The object appearing in eq. (I2.6P for J is a 4-form. Using the first complex 
structure /, this 4-form may be decomposed into (p, 4 — p) forms. Equation (17.81) and its 
complex conjugate are the (4, 0) and (0, 4) parts of the equation (12.61) for J . It may be checked 
that the remaining parts of this equation are automatically satisfied as a consequence of ( 12. 9p 
(written for J), Q and (1731) . 

Let us suppose for a moment that we have M = 4 supersymmetry, and that the last 
supersymmetry transformation is determined by some complex structure J' . Moreover, we 
suppose that the three complex structures form a quaternionic algebra. Then the third complex 
structure is the product of the first two, that is to say 

J a. ~ ^ a > <J a = — ^ a. ■ V '") 

When we apply equation (17. 6p to the complex structures J and J' , we immediately get the 
following two equations 

\d«{J$9*) ~ ds(g a[ p)J^ + d a {g )J^ = , %(^ f] ) ft = . (7.10) 

One easily deduces from these equations that the covariant derivatives of the complex structures 
vanish. One thus recovers the statement made in (40], that J\f = 4, d — 1 supersymmetry with 
complex structures satisfying the quaternionic algebra correspond to the weak HKT geometry, 
which differs from the strong HKT geometry appearing in d = 2 (4, 0) supersymmetric sigma 
models merely in that the torsion 3-form is not closed. 

The above consideration was based upon the assumption that the extra supersymmetries 
associated with the complex structures J and J' are uniformly realized on all involved chiral 
superfields Z Q , that is by the transformation law (17. ip and by a similar law with J' . This 
situation can be shown to be in one-to-one correspondence with the analysis in the previous 
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Sections, the (4, 4, 0) multiplets being formed by pairs of the chiral M = 2 superfields Z a . Let 
us now turn to the most general situation, when, along with the standard (4, 4, 0) multiplets, 
their mirror counterparts are also taken into account. This option was not considered in the 
literature before. 

The simultaneous description of two different sorts of the (4, 4, 0) multiplets in the M = 2 
superspace amounts to considering two types of complex coordinates z a , a = 1 • • -m, and u a , 
a — 1 • • • n. The manifold under consideration has dimension 2(m + n). For reasons to be clear 
soon, both m and n must be even. Both z a and u a are assumed to be the lowest components of 
the chiral M = 2 superfields Z a and U a . Only the standard M = 2 supersymmetry is manifest, 
and we suppose that these superfields transform under an extra N = 2 supersymmetry as : 



SZ C 
SZ' 



eJjjDZ?, 
eJJDZ p , 



5U a 
SU~ a 



eK^DU" 
eK?DU h 



(7.11) 



where e is a new complex Grassmann parameter. Clearly, when considered together, these two 
sets of superfields possess essentially different transformation laws under the extra supersym- 
metry. Further, we shall make the hypothesis that the transformation of one type of coordinates 
depend only on the same type of complex coordinate: 



d a J% = d- a J1 = 0, d a K* = d a K-? = 0, 



'/? 



(7.12) 



(the same conditions are assumed for J and K) le \. The preservation of chirality imposes the 
constraints 

0, dir,M = 0, 



<9r- f- 

u \ aJ p] 



<«] 



and analogous conditions for J and K. The supersymmetry algebra requires 



(7.13) 



ja t7 _ _m 



K a K c — —ft a 



(7.14) 



as well as 



a 7 (J^)Jjj 



o, a,(jf)J? + jsdB(j?) = o 



(7.15) 



together with analogous equations for K and K. These last equations are consequences of (IT. 13[) 
and (17.141) . Let us combine Z a , Z a and U a , U a into a generic coordinate X A , with A 



a, a, a, a. 



By separating the Grassmann parameter into its real and imaginary part e = e\ + ie2, we see 
that we have introduced two new complex structures 



5X A = e 1 J 1 VX A + e 2 J 2 VX J 



(7.16) 



with T> = D + D. These complex structures have the block-diagonal form: 



Jx 



( J \ 




I U 


\ 


J 
K 


, J2 — 


-iJ 





-iK 


\ K J 




\ iK 


) 



(7.17) 



16 This hypothesis is substantiated by the fact already mentioned that in the N = 4 bi-harmonic superfield 
approach the mutually mirror (4, 4, 0) multiplets are represented by analytic superfields with different sorts of 
harmonic analyticity, so J\f — 4 supersymmetry cannot mix them. 
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while the complex structure corresponding to the manifest M = 2 supersymmetry reads 

(7.18) 



J 3 



( il \ 

-tl 

il 

\ -il / 



It is to be noticed that these three complex structures do not form a quaternionic algebra: 

JxJi ^ Js, J2J3 ^ Ju (7.19) 

although they have definite anticommutation relations 

{J a ,J b } = 28 ab l. (7.20) 

The general J\f = 2 superfield action relevant to our consideration is as follows 17 !: 

S= l -j dtdOdO (-{g a - p DZ a DZ$ + g al DZ a DU h + g a - p DU a DZ$ + g al DU a DU h ) 
+-^(B a pDZ a DZP + B ab DZ a DU b + B a ^DU a DZ^ + B ab DU a DU h ) 
+^-(B^DZ 5: DZ^ + B &i DZ & DU b + B- aJ jDU~ a DZ p + B- al DU~ a DU b )\ . (7.21) 

Invariance of this action under the transformations (17.111) leads to the equations 

0a5 = O, 9 a 0J°) = O, daiiKt) = 0, (7.22) 

together with their complex conjugates. This set of equations may be interpreted as coming 
from the hermiticity of the metric with respect to the complex structures J2 and 3%. One 
furthermore obtains the conditions 

9a(95yJp) ~ 2 daigsi^Jft + 2 d s {g a[ ^)J 5 B] = , 
d a {g d - c Kf) - 2 d a (g d[5 )K^ + 2 d d (g a[5 )K^ = , 
[2 dp(By S ) + d d {B- M )\Kt + 6 d a (g x[0 )4 = 0, 

[2 <%(!%) + ^(S fc )]4 + 6 d a (g e $)iq = 0, 

<9[a-B 7 <5] = 0, d[ a B cd ] = 0, (7.23) 

together with the complex conjugate equations. When taking into account the previous con- 
straints, these equations can be cast in the same form as the equation (12.51) . but in application to 
the new complex structures J\ and Ji. In the condensed notation through the coordinates X A , 
these equations imply that the symmetrized covariant derivatives of these complex structures 
vanish 

V {A JaB) = 0, a = 1,2, (7.24) 

but they do not imply that the full covariant derivatives of the complex structures vanish. 
The properties (17.241) . (I7.19P and (I7.20p are just the characteristic properties of the complex 



17 It can be cast in the generic form (|2.20p by combining chiral superfields Z a and U a and their conjugates 
into the new sets Z A = {Z a , U a ) and Z A = (Z a , U a ). 
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structures in the most general target geometry of the M = 4,d = 1 supersymmetric sigma 
models based on multiplets (4, 4, 0) [30j EH]- 
Finally, using the notation 

c a /3c = -^(d c B a/ 3 + d a B/3 C + dpB ca ), 
°ab-y = -(^-Bab + d a B bl + d b B ya ), (7-25) 

one gets, as the last conditions for the invariance of the action under M = 4 supersymmetry, 
the following relations 



de(c a[bc )K^ = 


= 0, 


de{c a /3{c)Kd\ 


= o, 


df{c a [l3y)Js\ 


= o, 


<^f{ c ab['y)Js] 


= 0, 



(7.26) 

together with their complex conjugates. As stated above, these constraints coincide with a 
particular sector of the geometric equations (J2.6J1 . this time applied to the complex structures 
J\ and Ji- 

To summarize, we have shown that the most general bosonic target geometry of M = 4 , 
d — 1 sigma models can be achieved provided both types of the mutually mirror (4, 4, 0) 
multiplets are simultaneously included. Keeping in mind that m = 2k and n — 21, k, I > 1, 
such a generalized geometry can be realized only for the target spaces of the dimension d = 
4(k + I) = 4s ,s = 2,3..., with the minimal dimension d — 8 . The J\f — 4, d — 1 sigma 
models built only on the multiplets of the same sort exhibit weak HKT geometry as their 
target geometries. 

8 Summary and conclusions 

In this paper, we constructed and studied the sigma-model and Wess-Zumino-type superfield 
actions for any number of (4, 4, 0) multiplets described by the analytic harmonic superfields 
q +a subjected to the most general harmonic constraints which are compatible with the d = 1 
harmonic analyticity. The main distinguishing feature of our superfield description as compared, 
e.g., with the formulations used in [22J [201 EI], is that our actions exhibit manifest off-shell 
M = 4 supersymmetry. We have shown that the most general bosonic target space geometry 
of this class of d = 1 sigma model actions is the weak HKT geometry. Our superfield approach 
suggests that this geometry is solved in terms of two unconstrained potentials: the general 
non-analytic scalar potential C(f +a , f~ a ,u ±l ) and the analytic potential C +3a (f +b , u ±l ) . We 
presented the general expressions for the relevant metric and torsion, as well as the conditions 
under which the weak HKT geometry becomes the strong HKT and the ordinary HK ones. 
We also presented the general component form of the analytic WZ term which involves the 
coupling of the multiplets (4, 4, 0) to an external abelian self-dual gauge field given on a target 
HKT manifold. 

Furthermore, using the M = 2 superfield formalism, we have shown that the most general 
J\f = 4, d = 1 sigma-model target geometry arises, when taking into account simultaneously 
two types of (4, 4, 0) multiplets which are mirror with respect to each other. Actually, our 
consideration in this paper together with the results of refs. [45] and [31] give a hint as to what 
could be independent primary potentials solving this general geometry. Indeed, as was already 
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mentioned, the ordinary and mirror (4, 4, 0) multiplets are represented by superfields living on 
two distinct analytic subspaces of the bi-harmonic M = 4 superspace (t, 6 ia , u ±l , v ±a ) where % 
and a are doublet indices of two commuting automorphism (.R-symmetry) SU(2) groups of the 
J\f — 4, d — 1 Poincare supergroup (see [31] for more details). Then the general sigma model 
superfield action should be an obvious generalization of the action ( I4.53p . with both types of 
the analytic superfields and their harmonic derivatives involved. Also, there should be imposed 
appropriate harmonic constraints of the type (14.21) . giving rise to some extended set of potentials 
of the type £ +3a , each depending on the superfields of one or another harmonic analyticity. This 
set of bi-harmonic analytic potentials together with the Lagrangian depending simultaneously 
on both types of (4, 4, 0) superfields can be thought of as constituting the minimal set of the 
underlying potentials of the general J\f = 4, d — 1 sigma-model target geometry. Note that 
the general action of one ordinary and one mirror linear (4, 4, 0) multiplets (i.e. described by 
analytic bi-harmonic superfields with harmonic constraints of the type (13.131) ) was constructed 
in [15] using the ordinary M = 4 superfields. It was shown that this action possesses M = 8 
supersymmetry under some simple restrictions on the superfield Lagrangian 18 !. It is of obvious 
interest to extend our consideration here to the bi-harmonic stuff, and, in particular, to find 
general conditions of existence of TV = 8 supersymmetry in the system of linear and nonlinear 
ordinary and mirror (4, 4, 0) multiplets. The dimension of the target spaces in such M = 8 
supersymmetric models is a multiple of 8, and the corresponding geometries should reveal a 
close relation to octonions [30j 06] . 

Besides extension to the bi-harmonic approach, there are a few other directions in which the 
results presented here can be applied and advanced. For instance, using our general geometric 
consideration, it would be interesting to construct couplings to external non-abelian gauge fields 
on the general HKT manifolds and their various particular cases. The basic ingredients of such 
a construction in the case of linear Af — 4, d = 1 multiplets jH] are the "semi- dynamical" 
spin (4,4,0) multiplets [H] described solely by the superfield WZ terms of the kind ( I3.20p . It 
is natural to try to extend this construction to the case, when both the coordinate and spin 
multiplets are general non-linear (4, 4, 0) multiplets introduced in the present paper. Also, it is 
tempting to apply, to the general case, the superfield procedure of gauging isometries [26 | |35 | [36] . 
which produces the off-shell actions of the multiplets (n, 4, 4 — n) , n = 0, 1, 2, 3 , from those 
of the (4, 4, 0) multiplets. In this way, most general M = 4 supersymmetric sigma-model and 
WZ-type actions of such multiplets can be set up. An interesting task for future study is to 
quantize the J\f = 4 mechanics models constructed here, with taking into account both the 
sigma-model and WZ-type couplings, and to establish relations between these quantum models 
and various geometric objects of the target geometry, like Dirac and Dolbeault complexes and 
their possible generalizations, along the lines of refs. [12] and [IB] • 
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